Abstract: The paper focuses on the design of a platoon control system which takes into consideration safe travel by using the string stability theorem and the knowledge of the inclinations of the road along the route of the platoon. By choosing the velocity of the platoon fitting in with the inclinations of the road the number of unnecessary accelerations and brakings can be reduced, thus so can the operations of the actuators of the vehicles, i.e. the driveline and the brake system. Although the longitudinal dynamics of the vehicles is formulated in a linear control-oriented model, the non-linear performance of the predicted road inclinations and safety requirements based on the string stability are taken into consideration. The design of the platoon control is based on the Linear Parameter Varying (LPV) control theory.
INTRODUCTION AND MOTIVATION
In the paper a method in which saving energy and fuel consumption is taken into consideration is developed in the platoon systems. The term platoon is used to describe several vehicles operated under automatic control as a unit when they are traveling at the same speed with relatively small inter-vehicle spacings. Platoon operations may have advantages in terms of increasing highway capacity and decreasing fuel consumption. In the paper a control design method which calculates optimal longitudinal forces using the road inclinations is proposed. The safety and stability of each vehicle in the platoon is guaranteed by string stability.
The controllers applied in current adaptive cruise control systems are able to take into consideration only instantaneous effects of road conditions, since they do not have information about the oncoming road sections. In the paper the predicted road inclinations and velocity regulations are considered in the design of the longitudinal control force. For example before the downhill slope the velocity of the vehicle is reduced, thus on the slope it increases from a lower value. Consequently, the brake system can be activated later or it is not necessary to activate at all. In this way fuel consumption and energy required by the actuators can be reduced.
Several methods in which the road conditions are taken into consideration have already been proposed, see Ivars- Nouveliere et al. (2008) ; Németh and Gáspár (2010) . The look-ahead control methods assume that information about the future disturbances to the controlled system is available. To find a compromise solution between fuel consumption and travelling time leads to an optimization problem. The optimization was handled by using various methods, see e.g. Hellström et al. (2009 Hellström et al. ( , 2010 ; Kolmanovsky and Filev (2009) ; Passenberg et al. (2009) . This idea can be extended to a platoon system, since the method can be applied in the leader vehicle. Here for safety reasons the interaction between the members must be considered and the string stability of the platoon must be guaranteed, see e.g. Alvarez and Horowitz (1999) ; Shaw and Hedrick (2007) ; Swaroop and Hedrick (1996) .
The purpose of the paper is to extend the string stable platoon control with the predicted road conditions. Using the different performance specifications a control-oriented model of a platoon system is formalized. Uncertainties of the model, which are caused by neglected components, and unknown parameters are also modeled as unstructured dynamics. The controller of the platoon system is designed by using an LPV method, which guarantees both disturbance attenuation and robustness against uncertainties.
The schematic structure of the controlled platoon system is shown in Figure 1 . A platoon control requires various measured signals, such as positions, velocities and accelerations of the leader and the preceding vehicles. Besides these signals the road conditions are assumed to be available in the vehicles (road slope, velocity regulations). Since the safe and economical movement of the platoon is determined by the leader vehicle, it is crucial that the leader vehicle use the predicted road conditions. From these signals the control system of each vehicle calculates its optimal longitudinal control force.
Fig. 1. Structure of a platoon system
This paper is organized as follows: Section 2 formalizes the prediction of road conditions and presents the optimization of vehicle cruise control by the appropriate choice of prediction weights. Section 3 extends the optimality results to a platoon system. Section 4 presents the model based LPV longitudinal control design. Section 5 shows the operation of the platoon control on a transportational route with real data.
CONSIDERATION OF PREDICTED ROAD INCLINATIONS IN CRUISE CONTROL

Weighting factors according to road inclinations
In this section the predicted inclinations and velocity regulations are formalized in a control-oriented model. First the road ahead of the vehicle is divided into equidistant sections. Second the road sections are qualified by different prediction weights, which have an important role in the control design. The appropriate selection of prediction weights creates a balance between the velocity of the vehicle and the effect of the relevant slope of the road.
The predicted course of the vehicle can be divided into equidistant sections using n+1 number of points as Figure  2 shows. The rates of the inclinations of the road and those of the speed limits are assumed to be known at the endpoints of each section. The acceleration of the vehicle is considered to be constant between these points: The velocity of the vehicle at the final point of a sectioṅ ξ j is expressed by using the velocity at the starting poinṫ ξ i , the acceleration and the driven distance s:
The velocity in the section point j should reach a predefined reference velocity v
, which is the maximum velocity of the vehicle (due to the speed limit). Thus the assumptionξ 2 j → v 2 ref,j must be met. Similarly, the velocity of the vehicle can be formalized in the next n section points. It is important to emphasize that the longitudinal force F lj affects only the first section, and it does not affect the subsequent sections. The purpose of considering road conditions is to determine a control force by which the vehicle can travel along its way. Therefore at the calculation of the control force it is assumed that additional longitudinal forces will not act on the vehicle, i.e., the longitudinal force F l,j+1 will not affect the second section. The velocities of vehicle are described at each section point of the road by using similar expressions to (1), i.e, the velocity of the n th section point isξ
It is also an important goal to track the momentary value of the velocity, which is formalized in the following form:
The F di disturbance force can be divided in two parts: the first part is the force resistance from road slope F di,r , while the second part F di,o contains all of the other resistances such as rolling resistance, aerodynamic forces etc. We assume that F di,r = mg sin α i is known while F di,o is unknown. Consequently, the equations of the vehicle at the section points are calculated in the following way:
The unmeasured disturbances such as rolling resistance and aerodynamic force can be expressed by the quadratic form of the velocity. The sum of these forces is written in the following form:
, where A and T are assumed to have been calculated in advance.
In the next step a weight Q is applied to the momentary (initial) velocity and weights γ 1 , γ 2 , ..., γ n are applied to the predicted reference velocities (2). The weights should sum up to one, i.e., γ 1 + γ 2 + ... + γ n + Q = 1. While the weights γ i represent the rate of the road conditions, weight Q determines the tracking requirement of the momentary reference velocity v ref,0 . By summarizing equation (2) and taking the prediction weights into consideration the following formula is yielded:
where the value ϑ depends on the predicted road slopes, the reference velocities and the prediction weights
Based on equation (3) the interpretation of the control problem is the following. In order to take the predicted road conditions into consideration in the control design equation (3) is applied as a performance of the controlled system. Note that weights have an important role in control design. By making an appropriate selection of the weights Q and γ i the importance of the predicted road condition is considered. For example when Q = 1 and γ i = 0, i ∈ [1, n] the control exercise is simplified to a cruise control problem without any predicted road conditions. In case of using equivalent weights, i.e., Q = γ 1 = γ 2 = ... = γ n , the predicted road conditions are considered with the same importance.
During the formalization of the optimization problem component F di,o is assumed to be constant in each section. In practice, however, the velocity of the headwind, and the rolling resistance may change within a short section. The consequence of this assumption is that the model does not contain all the information about the predicted road disturbances, therefore it is necessary to design a robust speed controller.
In the final step a control-oriented vehicle model in which reference velocities and prediction weights are taken into consideration is constructed. The dynamical equation of the vehicle is the following:
Then equation (3) is rearranged in order to determine the modified reference velocity: ξ 0 = λ (5) where the parameter λ is calculated in the following way:
Consequently, the predicted road conditions can be considered by velocity tracking. The momentary velocity of the vehicleξ should be equal to parameter λ, which contains the predicted road information. The calculation of λ requires the measurement of the longitudinal accelerationξ 0 .
Equation (5) shows that the modified reference velocitẏ ξ 0 depends on prediction weights (Q and γ i ). In the next section the task is to find an optimal selection of the prediction weights in such a way that both the minimization of control force and the traveling time are taken into consideration.
Optimization of the vehicle cruise control
By using equation (5) the longitudinal force (F l1 ) can be expressed as the linear function of prediction weights:
6) where β i are the coefficients of γ i , and they depend on the prediction weight Q. The vehicle cruise control problem can be divided into two optimization problems in the following forms:
• The longitudinal control force must be minimized, i.e., |F l1 | → M in!. In practice, however, the F 2 l1 → M in! optimization is used because of the simpler numerical computation.
• The difference between momentary reference velocity and modified reference velocity must be minimized, i.e., |v
The first optimization is met by the transformation of the quadratic form with the following constrains:
This task is a nonlinear optimization problem because of the Q prediction weights. With fixed Q prediction weight (7) becomes a quadratic optimization problem. Its solution is in Gill et al. (1981) ; Coleman and Li (1996) . The optimal solution of the second task can be achieved if the predicted road conditions are not considered. Consequently, the prediction weights areQ = 1 andγ i = 0, i ∈ [1, n].
In the proposed method two further performance weights R 1 and R 2 , are introduced. Performance weight R 1 (0 ≤ R 1 ≤ 1) is related to the importance of the minimization of the longitudinal control force F l1 while performance weight R 2 (0 ≤ R 2 ≤ 1) is related to the minimization of |v ref,0 − ξ 0 |. There is a constraint according to the performance weights R 1 +R 2 = 1. Thus the performance weights, which guarantee a balance between the optimizations tasks, are calculated in the following expressions:
(8b) Based on the performance weights the modified reference velocity is determined by using (5). Using the optimization method the reference velocity of an independent vehicle can be calculated such a way that the road inclinations are also taken into consideration.
Note that in the control design it is assumed that the reference velocities are defined by using the safety conditions, such as adhesion conditions and vehicle parameters. Thus, the reference velocities can be achieved by all the vehicles in the platoon.
OPTIMIZATION METHOD IN THE PLATOON
In this section the method will be extended to vehicles in a platoon. The main idea behind the design is that each vehicle in the platoon is able to calculate its velocity independently from the other vehicles. Since traveling in a platoon requires the same velocity, the optimal velocity must be modified according to the other vehicles. In the platoon, the velocity of the leader vehicle determines the velocity of all the vehicles. The goal is to determine the velocity at which the velocities of the members are as close as possible to their own optimal velocity.
In the first step the optimal prediction weights are set {Q j ; γ i,j }, i ∈ [1; n] where n is the number of division points. Then the modified reference velocities of all the vehicles λ j , j ∈ [1; m] where m is the number of the vehicles in the platoon are calculated. During the calculation the road inclinations and the speed limits are taken into consideration, however, the interaction between the vehicles are not considered.
Before the required velocity of the leader vehicleλ 1 is designed a second -intermediate -step is needed. It is important to note that there is an interaction between the velocities of the vehicles in a platoon. If a preceding vehicle changes its velocity, the follower vehicles will modify their velocities and track the motion of the preceding vehicle within a short time. Thus, there is a dynamic relationship between velocities, which should be modeled. The velocities of the sequential vehicles can be modeled in the following way:
where T is the time delay andξ 0,j (t) is the momentary velocity of the follower vehicle. In practical computations it is simpler if the next approximation form is used:
where G j represents the transfer function of the controller between the velocity of preceding vehicle and the velocity of the follower one. Transfer function G j depends on the implemented controller.
In the third step the required reference velocity of the leader vehicleλ 1 is designed. The aim of the design is that the generated velocities of all the vehiclesξ 0,j are as close to as their modified reference velocity λ j as possible:
Since the velocity of the j th vehicle is approximateḋ ξ 0,j = j−1 k=1 G kλ1 for practical computations the following optimization form is used:
It can be stated that in (11) the only unknown variable isλ 1 . The optimization leads to the following equation:
Consequently, the required reference velocityλ 1 is expressed in the following form:
It means that the leader vehicle must track the required reference velocityλ 1 .
DESIGN OF VEHICLE CONTROL IN THE PLATOON
This section focuses on the design of the control input, i.e., the design of the longitudinal forces of the vehicles in the platoon. In the previous section the required reference velocity of the leader vehicle was determined by taking the road inclinations into consideration. The velocity of the leader vehicle must track the required velocity. At the same time the other vehicles in the platoon must meet the string-stable requirement in order to guarantee the safe operation of the platoon. Consequently, two types of controllers must be designed: a velocity tracking controller for the leader vehicle and string stable controllers for each vehicle in the platoon. All the controllers must provide disturbance attenuation and robustness against uncertainties. The design of controllers are based on robust LPV methods. The string stability of the platoon will be also analyzed.
First the longitudinal dynamics of each vehicle in the platoon is formalized independently of the others. This model contains actuator dynamics of both the traction and braking systems. There are delays in their operations, which can be approximated by a first-order system with an appropriately selected time constant:Ḟ l1 = (F l1 − F l1 )/τ where F l1 is the realized force,F l1 is the desired force and τ is the delay of the system. Moreover, the delay parameter differs at driving (τ d ) and at braking (τ b ).
The equations of the longitudinal dynamics and actuator dynamics are transformed into the following state-space representation form:
In this description the operations of driving and braking are handled simultaneously. Although the delay parameters are different (in practice τ d > τ b ) the model is able to separate the driving and braking cases depending on τ . Selecting the scheduling variable τ the model can be transformed into a Linear Parameter Varying (LPV) model:ẋ
(14) where ρ = τ is the scheduling variable: ρ = τ d in case of driving or ρ = τ b in case of braking.
Next the performances of the platoon are formalized. The performance specification of the leader vehicle differs from the performances of the followers in the platoon. The control design of the leader vehicle is a tracking problem formalized in (5). The aim of tracking is to ensure that the system output follows a reference value of velocity with an acceptable error, which is the performance of the system. The explicit mathematical description of the optimization problem is (ξ 0,1 −λ 1 ) −→ M in!, where the parameterλ 1 is the required reference velocity. The performance of the leader vehicle is as follows:
The other vehicle in the platoon must guarantee string stability, see Swaroop and Hedrick (1996) ; Alvarez and Horowitz (1999) . This property of the system ensures that the inter-vehicular spacing errors of all the vehicles remain bounded uniformly in time, provided the initial spacing errors of all the vehicles are bounded. There are several strategies by which it is possible to ensure the string stability of the system. In the paper string stability is ensured by tracking the position, velocity and acceleration of the preceding vehicle, and tracking the position and velocity of the leader vehicle. The performance vector of the j th vehicle is:
where L i is the distance between two vehicles and ε i = ξ 0,j − ξ 0,j−1 is the error of tracking.
In the design of the control system the quadratic LPV performance problem is to choose the parameter-varying controller in such a way that the resulting closed-loop system is quadratically stable and the induced L 2 norm from w to z is less than γ. The existence of a controller that solves the quadratic LPV γ-performance problem can be expressed as the feasibility of a set of Linear Matrix Inequalities (LMIs), which can be solved numerically. The control design is based on the LPV method that uses parameter dependent Lyapunov functions, see Bokor and Balas (2005) ; Packard and Balas (1997); Wu et al. (1996) .
The closed-loop interconnection structure, which includes the feedback structure of the model P and controller K, is shown in Figure 3 . The control design is based on a weighting strategy. The purpose of weighting function W p is to define the performance specifications of the control system, i.e., the velocity of the vehicle must ensure the tracking of the reference signal with an acceptable error. The purpose of the weighting function W n is to reflect the sensor noise, while W w represents the effect of longitudinal Fig. 3 . Closed-loop interconnection structure of the system disturbances. In the modeling an unstructured uncertainty is modelled by connecting an unknown but bounded perturbation block (Δ) to the plant. The magnitude of output multiplicative uncertainty is handled by a weighting function W u .
The scheme of the control design differs for the leader vehicle and the other vehicles in the platoon. The reference signal R is the required reference velocityλ 1 at the leader vehicle, while for the follower vehicles R vector contains the velocity and position of the leader and the preceding vehicles and the acceleration of the preceding one. The performance signal z also differs in the two cases. In case of the leader z = z 1 according to (15) and in the other vehicles z = z j according to (16) . For the leader vehicle the measured signals are the velocity and acceleration of the vehicle, while the follower vehicles also require the velocity, position and acceleration information about the preceding and leader vehicles.
The LPV controller generates longitudinal forces in such a way that the velocity of the vehicle approaches the reference velocity. At the same time, however, the controller does not guarantee string stability automatically. Finally, it is necessary to analyze the string stability of the vehicles in the platoon. The control law of the vehicles can be formalized in the following way:
where G a , G v , G p are the gains of preceding vehicle acceleration/velocity/position tracking, respectively, G vl , G pl are the gains of the leader vehicle. The spacing dynamics can be expressed as follows:ξ 0,j −ξ 0,j−1 =F 0,j − F 0,j−1 , see Swaroop and Hedrick (1996) . To ensure string stability it is necessary to meet the following infinity-norm condition:
where
. When the robust LPV controllers are designed the string stability requirement must be checked. In this analyzis both scheduling variables must be taken into consideration. If the string stability fails the control design must be repeated, i.e., the factors must be modified.
In the paper, the purpose of the control design is to calculate the necessary longitudinal control force. The paper focuses on this high-level controller, which calculates positive and negative forces as well, therefore the traction and braking system are also actuated. It is assumed that there is another controller which is able to track the control force as a required force. This low-level controller transforms the longitudinal force into a real physical parameter of the actuator. The design of this controller might use more specific techniques that fit the specific nonlinear properties of the actuator. Figure 4 shows the architecture of the low-level controller used in each vehicle. The engine-management system and fuel-injection system have their own controllers, thus in the realization of the low-level controller only the torque-rev-load characteristics of the engine are necessary. In this case the rev of the engine is measured, the required torque is computed from the longitudinal force of the high-level controller, thus the throttle is determined by an interpolation step using a look-up table. The position of the transmission is determined by logic functions, thus it depends on the fuel consumption and the maximal rev of the engine. The pressures on the brake cylinders of the wheels increase in case of braking. The necessary braking pressure for the required braking force is computed from the ratios of the hydraulic/pneumatic parts.
SIMULATION RESULTS
In the simulation section a transportational route with real data is analyzed. The terrain characteristics and geographical information are those of the M1 Hungarian highway between Tatabánya and Budapest in a 56 km length section. In the simulation the platoon, which contains 3500kg mass uniform vehicles, is traveling along the 56 km route. The regulated maximal velocity is 130 km/h, but the road section contains other speed limits (e.g. 80 km/h or 100 km/h), and the road section also contains hilly parts.
In this example the conventional Adaptive Cruise Control system (Controller 1) and the proposed method (Controller 2) are compared. Figure 5 (a) shows the terrain characteristics of the road. In Figure 5 (b) and (c) the velocities of the leader and the fourth (last) vehicle of the platoon can be seen in both cases. It can be established that in case of Controller 1 the vehicles track the regulated velocity well, while at Controller 2 the vehicles are able to modify their reference velocity according to the proposed method. Figure 5 (d) shows that Controller 2 uses less actuated longitudinal control energy, therefore energy can be saved along the route, approximately 15%, Figure 5 (e) shows the energy saved by the vehicles, and the energy saved by the entire platoon. In case of Controller 2 the journey time did not increase insignificantly (107s), the average of relative difference between the actual velocity and the speed limit is only 8% for a vehicle. The paper has proposed a control design method for the platoon system. The controlled system incorporates the brake and the traction forces. The method takes into consideration safe travel by using the string stability theorem and the knowledge of the inclinations of the road along the route of the platoon and the compulsory speed limits. By choosing the velocity of the platoon fitting in with the inclinations of the road the number of unnecessary accelerations and brakes, i.e., the activation of the traction and brake systems, can be reduced. An LPV-based control design is proposed for the leader and the members of the platoon. The controller is able to perform velocity tracking, tolerates sensor noise disturbances, minimizes the actuator forces, thus reduces fuel consumption. The analysis of the string stability of the platoon is also performed in the control design. On a real data simulation example it is shown that the proposed method is able to save energy compared to conventional platoon systems.
